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SOLVABILITY FOR SEMISIMPLE HOPF ALGEBRAS
VIA INTEGRALS
MIRIAM COHEN AND SARA WESTREICH
Abstract. We use integrals of left coideal subalgebras to develop
Harmonic analysis for semisimple Hopf algebras. We show how
N∗, the space of functional on N, is embedded in H∗. We define
a bilinear form on N∗ and show that irreducible N -characters are
orthogonal with respect to that form. We then give an explicit
formula for induced characters of N and show how the induced
characters are embedded in R(H).
In the second part we give an intrinsic definition for solvable
semisimple Hopf algebras via left coideal subalgebras and their
integrals. We show how this definition generalizes solvability for
finite groups. In particular, commutative and nilpotent Hopf alge-
bras ae solvable. We finally prove an analogue of Burnside theorem:
A semisimple quasitriangular Hopf algebras of dimension paqb is
solvable.
Introduction
Left coideal subalgebras of a Hopf algebra H are analogues of sub-
groups of a group. When they are also normal, they give rise to Hopf
quotients. Just as subgroups, left coideal subalgebras have integrals
(see e.g [10, 12, 14, 15]), which when H is semisimple over a field of
characteristic 0 can be chosen to be idempotent. It is this property
which we use to study solvability on one hand and harmonic analysis
on the other.
Generalizing harmonic analysis from finite groups to semisimple Hopf
algebras, Andruskiewitsch and Natale [1] worked with Hopf subalgebras
playing the role of subgroups. We go a step further and establish similar
results for left coideal subalgebras in the role of subgroups. This is
accomplished by heavily relying on the existence of their integrals.
Replacing normal subgroups with normal left coideal subalgebras
gave a very satisfactory intrinsic definition of nilpotent Hopf algebras
[8]. However, solvability remained open. The basic difficulty being that
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there is no obvious analogue of quotients of left coideal subalgebras over
left ideals coideals.
On the level of category theory there exists a notion of solvability
[9] and it is customary to define solvable Hopf algebras H as those for
which Rep(H) is a solvable category. However, this non-intrinsic defini-
tion is unsatisfactory as it contradicts our intuition from group theory.
Commutative or nilpotent Hopf algebras are not always solvable in this
sense [9, Prop.4.5(ii),Remark 4.6(i)].
In this paper we give an intrinsic definition of solvability which is
consistent with solvability for finite groups and as desired, commutative
or nilpotent Hopf algebras are indeed solvable. We prove moreover an
analogue of Burnsides paqb theorem for semisimple quasitriangular Hopf
algebras.
The paper is organized as follows. Throughout we assume H is a
semisimple Hpf algebra over a field k of characteristic 0. In Section 2
we discuss harmonic analysis for left coideal subalgebras of H. Given a
left coideal subalgebra N, we set B = (H∗)N ⊂ H∗ its left coideal sub-
algebra of invariants. Let ΛN and λB denote their respective integrals.
We introduce a map γ from N∗ to H∗ as follows:
〈γ(p), h〉 = 〈p, λB ⇀ h〉
for all p ∈ N∗, h ∈ H. We discuss properties of γ and describe in
Proposition 2.4 the image γ(N∗) inside H∗.
We define a Frobenius isomorphism FN : NN −→ NN
∗ that gives
rise to a symmetric form on N∗ :
(p|p′)N =
〈
p′, F−1N (p)
〉
,
which in turn yields an N -analogue of orthogonality for H-characters.
We prove:
Theorem 2.10. Let H be a semisimle Hopf algebra over a field k
of characteristic 0 and N a left coideal subalgebra of H. Let ( | )N be
defined as above. Then ( | )N is a non-degenerate symmetric bilinear
form on N∗ and the irreducible characters of N are orthogonal with
respect to it.
As a consequence we formulate in Corollary 2.11 Frobenius reci-
procity for characters of left coideal subalgebras in terms of ( | )N . That
is, for all χi ∈ Irr(H), φj ∈ Irr(N), we have:
(χiN |φj)N = (χi, φ
↑H
j )H .
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We then obtain in Proposition 2.12 an explicit formula for φ↑H .
φ↑H = Λ ˙coadγ(φ).
We finally give an explicit description of the induced N -characters
inside R(H).
Theorem 2.15. Let H be a semisimple Hopf algebra over an alge-
braically closed field of characteristic 0. Let N be a normal left coideal
subalgebra of H and B = (H∗)N , then
R(N)↑H = R(H)λB = {x ∈ R(H)|s(x)⇀ H ⊂ N}.
In Section 3 we define and discuss solvable Hopf algebras heavily
using integrals of left coideal subalgebras. We define:
Definition 3.5. Let H be a semisimple Hopf algebra. A chain of left
coideal subalgebras of H
N0 ⊂ N1 ⊂ · · · ⊂ Nt
is a solvable series if for all 0 ≤ i ≤ t− 1,
(i) ΛNi ∈ Z(Ni+1), where ΛNi is the integral of Ni.
(ii) For all a, b ∈ Ni+1,
(aa˙db)ΛNi = 〈ε, a〉bΛNi.
The Hopf algebra H is solvable if it has a solvable series so that
N0 = k and Nt = H.
We explain in Example 3.6 that this definition coincides with the
definition of solvability for groups. We show in Proposition 3.7 and
Proposition 3.10, how natural properties of solvable groups hold also
for the Hopf analogue of solvability. In particular we show:
Corollary 3.9. Semisimple nilpotent Hopf algebras are solvable.
This course culminates in the main theorem of this section:
Theorem 3.11. Let H be a quasitriangular semisimple Hopf algebra
of dimension paqb over a field k of characteristic 0. Then H is solvable.
Moreover, if N is a left coideal subalgebra of H then H has a solvable
series containing N.
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1. Preliminaries
Throughout this paper, H is a semisimple Hopf algebra over an al-
gebraically closed field k of characteristic 0. We denote by S and s the
antipodes of H and H∗ respectively. Let Z˜(H) denote the Hopf cen-
ter of H, that is, the maximal Hopf subalgebra of H contained in the
center of H.
Let {V0, . . . Vn−1} be a complete set of non-isomorphic irreducible
H-modules. Let {E0, . . . En−1} and Irr(H) = {χ0, . . . , χn−1} be the
associated central primitive idempotents and irreducible characters of
H respectively, where E0 = Λ, the idempotent integral ofH and χ0 = ε.
Denote by R(H) the character algebra of H. Let dimVi = di =
〈χi, 1〉. Then
λ = χH =
n−1∑
i=0
diχi
is an integral for H∗ satisfying 〈λ,Λ〉 = 1. By Larson [11], the irre-
ducible characters are orthogonal with respect to the following sym-
metric bilinear form defined on R(H),
(χ|Φ)H = 〈χs(Φ),Λ〉
for all χ,Φ ∈ R(H). This form can be exteded to a symmetric bilinear
form on H∗ by:
(1) (p|p′)H = 〈s(p
′)p,Λ〉
for all p, p′ ∈ H∗.
The Hopf algebra H∗ becomes a right and left H-module by the hit
actions ↼ and ⇀ defined for all a ∈ H, p ∈ H∗,
〈p ↼ a, a′〉 = 〈p, aa′〉 〈a ⇀ p, a′〉 = 〈p, a′a〉
H becomes a left and right H∗-module analogously.
Denote by a˙d the left adjoint action of H on itself, that is, for all
a, h ∈ H,
ha˙da =
∑
h1aS(h2)
The dual action ˙coad of H on H
∗ is given by:
h ˙coadp =
∑
S(h2) ⇀ p ↼ h1.
It is straightforward to see that Λ ˙coadx ∈ R(H) for all x ∈ H
∗ and if
p ∈ R(H) then
(2) h ˙coad(xp) = (h ˙coadx)p
for all h ∈ H.
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Left coideal subalgebras L where discussed in [10, 12, 14, 15]. A left
coideal subalgebra of H is called normal if it is stable under the left
adjoint action of H. When H is semisimple and char(k) = 0, then L is
a semisimple algebra, H is free as a left and right module over L and L
has an idempotent two sided integral ΛL. Moreover, let L
+ = L∩ker ε,
then there exists a lattice preserving isomorphism between left coideal
subalgebras L of H and left ideals coideals I of H.
(3) L→ HL+.
Equivalently, (H/HL+)∗ can be viewed as invariants as follows. For
any subalgebra T of H∗, we denote by HT the set of T -invariants of H
under the left hit action. That is,
(4) HT = {h ∈ H |b ⇀ h = 〈b, 1〉h, ∀b ∈ T}
It was shown in [5, Th.2.4] that if B is a left coideal subalgebra of
H∗ then N = HB is a left coideal subalgebra of H. In this case also
B = (H∗)N .
Certain normal left coideal subalgebras appear in [2] as a natural
generalization of kernels of group representations. For an H-module V
define its left kernel as follows:
(5) LKerV = {h ∈ H |
∑
h1 ⊗ h2 · v = h⊗ v, ∀v ∈ V }.
For any normal left coideal subalgebra N of H we denote by H//N
the Hopf quotient H = H/HN+. Of particular interest is the commu-
tator algebra H ′, defined in [3]. H ′ is the unique normal left coideal
subalgebra of H so that H//H ′ is commutative and is minimal with
respect to this property. It was shown in [6] that H ′ is the algebra
generated by the Hopf commutators, and that
(6) H ′ = HkG(H
∗).
Summarizing relations between algebras of invariants and their inte-
grals, we have:
Lemma 1.1. Let N be a left coideal subalgebra of H with an idempotent
integral ΛN . Then the following hold:
(i) ΛN ⇀ λ = λB 6= 0 is an integral for B = H
∗N .
(ii) We have,
ΛN ↼ H
∗ = N = λB ⇀ H λB ↼ H = B = ΛN ⇀ H
∗
(iii) SΛN = ΛN = λB ⇀ Λ. Thus SN = H
∗ ⇀ ΛN .
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Proof. (i) From the definition of (H∗)N it is straightforward to see that
ΛN ⇀ H
∗ ⊂ B. Now, for all b ∈ B, we have,
(ΛN ⇀ λ)〈b, 1〉 = ΛN ⇀ (λb) = (ΛN ⇀ λ)b.
The last equality follows since {ΛN2} ⊂ N, hence act trivially on b ∈ B.
Thus λB is a right integral for B. Since B is a left coideal subalgebra
of H∗ it follows that it contains an idempotent two sided integral λ̂B.
It follows now that 〈λB, 1〉 λ̂B = λBλ̂B = λB. Hence λB is a two sided
integral.
(ii) Since N is a left coideal we have ΛN ↼ H
∗ ⊂ N. Now, we have
n = 1
〈λB ,1〉
λB ⇀ n for all n ∈ N, hence N ⊂ (λB ⇀ H). Finally, by
part (i), λB ⇀ H = λB ⇀ Λ ↼ H
∗ = ΛN ↼ H
∗.
The second part is obtained by switching from H to H∗ and from N
to B.
(iii) By [13], λB ⇀ Λ = ΛN ⇀ λ ⇀ Λ = SΛN . Since B is a left coidael
subalgebra of H∗, it follos from part (i) after switching the roles of H
and H∗, that SΛN is a two sided integral for N , hence equals ΛN .
Now, by part (ii), H∗ ⇀ ΛN = H
∗ ⇀ SΛN = S(ΛN ↼ H
∗) =
SN. 
In what follows we present some basic results, most of them appear
in the literature or follow directly after adapting suitable notations
(e.g. [10, 12, 14, 15]). However, we include proofs here for the sake of
completeness.
The following structure result follows from the bijective correspon-
dence described in (3).
Lemma 1.2. Let N be a normal left coideal subalgebra of H. Then
there is a bijective correspondence between left coideal subalgebras of H
containing N and left coideal subalgebras of H//N.
Proof. If N $ L, where L is a left coideal subalgebra of H, then k 6=
π(L) is a left coideal subalgebra of H//N.
Conversely, let L be a left coideal subalgebra of H//N and let B =
(H
∗
)L. Then B is a left coideal subalgebra of H
∗
. and thus is a left
coideal subalgebra of H∗. Set L˜ = HB, then L˜ is a left coideal subal-
gebra of H containing N. By definition B acts trivially on π(L˜), hence
π(L˜) ⊂ (H)B = L.
We show the converse inclusion. Set B˜ = (H
∗
)pi(L˜). Then π(L˜) ⊃ L
is equivalent to B˜ = (H
∗
)pi(L˜) ⊂ (H
∗
)L = B, which in turns equivalent
to L˜ = HB ⊂ H B˜. This result follows directly from the definition of
invariants. 
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The integrals of left coideal subalgbras contain important informa-
tion about them.
Lemma 1.3. Let N be a left coideal subalgebra of H with an integral
ΛN . Then
(i) N is a Hopf subalgebra if and only if ΛN is cocommutative
(ii) N is a normal in H if and only if ΛN ∈ Z(H).
Proof. (i) By Lemma 1.1 H∗ ⇀ ΛN = S(ΛN ↼ H
∗). If ΛN is cocom-
mutative then N = SN hence N is a right coideal as well and thus a
Hopf subalgebra. The converse is trivial.
(ii) By [5, Cor. 2.5] N is normal in H if and only if B = (H∗)N is
a Hopf subalgebra of H∗. By part (i) this holds if and only if λB is
cocommutative. By Lemma 1.1 and [13], this is equivalent to ΛN ∈
Z(H). 
In addition,
Lemma 1.4. If N is a left coideal subalgebra of H and B = (H∗)N
then the following hold:
(i)HΛN ∼= H/HN
+ as left H-modules via π|HΛN , where π is the natural
H-module projection from H to H/HN+.
(ii) ΛNH ∼= H/N
+H as right H-modules and
(iii) If N is also normal in H then π|HΛN is an algebra isomorphism
as well.
Proof. (i). We show that ker π = H(1−ΛN ). ClearlyH(1−ΛN) ⊂ ker π.
On the other hand, if n ∈ N+, then nΛN = 0, and since ΛN is an
idempotent, n = n(1− ΛN). It follows now that HN
+ ⊂ H(1− ΛN).
(ii). The result follows since ΛN is an integral for the right coideal
subalgebra S(N) as well.
(iii) Follows sinceH/HN+ is an algebra, ΛN is central by Lemma 1.3(ii)
and thus HΛN is an algebra as well and π is an algebra map. 
2. Harmonic analysis for left coideal subalgebras
Motivated by [1], we introduce a map from N∗ to H∗. For p ∈ N∗
define γ(p) ∈ H∗ as follows:
(7) 〈γ(p), h〉 = 〈p, λB ⇀ h〉
for all h ∈ H. Since λB ⇀ H ⊂ N by lemma 1.1, this map is well
defined. Note that the dual map γ∗ : H ⇀ N is given by:
(8) γ∗(h) = λB ⇀ h.
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Example 2.1. (See the discussion in [4, (10.1)]). Let G be a finite
group and let N be a subgroup of G. Let {pg} denote the basis of
(kG)∗ dual to the kG-basis {g}g∈G of G. Then B = (H
∗)N has a basis
consisting of idempotents of the form Pg, where
Pg =
∑
n∈N
pgn.
It is straightforward to check that Pg ∈ (H
∗)N . Since dimB = |G|/|N |
we have a basis. We also have, P1 =
∑
n∈N pn is an integral for B. So
we have
P1 ⇀ g =
{
g if g ∈ N
0 otherwise
Thus, for χ an N -character, γ(χ) boils down to χ˜ where
χ˜(g) =
{
χ(g) if g ∈ N
0 otherwise
The definition of γ implies immediately that,
Corollary 2.2. For all n ∈ N, p ∈ N∗, we have γ∗(n) = 〈λB, 1〉n,
γ(p)|N = 〈λB, 1〉 p and thus γ(p) ⇀ n = 〈λB, 1〉
∑
〈p, n2〉n1.
Recall that N acts on N∗ by the left hit action as follows:
〈n ⇀ p, n′〉 = 〈p, n′n〉
for all p ∈ N∗, n, n′ ∈ N.
Define a left action ⋆ of H∗ on N∗ as follows:
(9) 〈x ⋆ p, n〉 = 〈p, n ↼ x〉
for all x ∈ H∗, p ∈ N∗ and n ∈ N. It is straightforward that this is a
well defined H∗- module action.
Lemma 2.3. The following hold
(i) N∗ is a left H∗-module under ⋆. The map γ : H∗N
∗ → H∗H
∗ is a
left H∗-module map where H∗ acte on itself by left multiplication.
(ii) γ :N N
∗ →N H
∗ is a left N-module map, where N acts on N∗ and
on H∗ by the left hit actions.
(iii) x ⋆ ε|N = x|N for all x ∈ H
∗.
(iv) xλB = γ(x|N) for all x ∈ H
∗. In particular, λB = γ(ε|N).
(v) The map γ is injective.
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Proof. (i) We have,
〈xγ(p), h〉 = 〈γ(p), h ↼ x〉 = 〈p, λB ⇀ h ↼ x〉 = 〈x⋆p, λB ⇀ h〉 = 〈γ(x⋆p), h〉.
(ii) For all n ∈ N, p ∈ N∗, h ∈ H, we have,
〈γ(n ⇀ p), h〉 =
= 〈n ⇀ p, λB ⇀ h〉
= 〈p, (λB ⇀ h)n〉 = 〈p, λB ⇀ (hn)〉 (since B acts trivially on N)
= 〈γ(p), hn〉
= 〈n ⇀ γ(p), h〉
(iii) For all x ∈ H∗, n ∈ N,〈
x ⋆ ε|N , n
〉
= 〈ε, n ↼ x〉 = 〈x, n〉
(iv) Note first that for all h ∈ H∗,
〈γ(ε|N), h〉 = 〈ε, λB ⇀ h〉 = 〈λB, h〉.
By the previous parts,
xλB = xγ(ε|N) = γ(x ⋆ ε|N) = γ(x|N)
(v). The result follows since λB ⇀ H = N. 
We can describe now Im(γ) explicitly.
Proposition 2.4. Let H be a semisimple Hopf algebra over a field
k of characteristic 0 and let N be a left coideal subalgebra of H. Let
γ : N∗ −→ H∗ be defined as in (7). Then
Im(γ) = H∗λB = {x ∈ H
∗ | s(x) ⇀ H ⊂ N}.
Proof. The fact that H∗λB ⊂ Im(γ) follows from Lemma 2.3(iv). To
see the reverse inclusion, let x = γ(p), p ∈ N∗. Since λ2B = 〈λB, 1〉λB,
we have for all h ∈ H,
〈γ(p)λB, h〉 = 〈γ(p), λB ⇀ h〉 = 〈λB, 1〉 〈p, λB ⇀ h〉 = 〈λB, 1〉 〈γ(p), h〉 = 〈λB, 1〉 〈x, h〉.
Hence 〈λB, 1〉x = γ(p)λB ∈ H
∗λB. Thus x ∈ H
∗λB.
We show the second equality. By Lemma 1.1(ii) and (iii) we have
for all x = yλB ∈ H
∗λB,
(10) s(x) ⇀ H = s(yλB) ⇀ H = λBs(y)⇀ H ⊂ N.
Conversely, assume s(x) ⇀ H ⊂ N, then in particular s(x) ⇀ Λ ∈ N.
It follows that
λBs(x) ⇀ Λ = 〈λB, 1〉 s(x) ⇀ Λ.
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Thus λBs(x) = 〈λB, 1〉 s(x). Hence we obtain
(11) x =
1
〈λB, 1〉
xλB ∈ H
∗λB.

Remark 2.5. Lemma 2.3 and the first equality in Proposition 2.4,
imply that N∗ ∼= H∗λB as left H
∗-modules. This is in fact a dual
version of Lemma 1.4.
As a semisimple algebra, let {W0, . . .Wm−1} be a complete set of non-
isomorphic irreducible N -modules. Let {T0, . . . Tm−1} and Irr(N) =
{φ0, . . . , φm−1} be the associated central primitive idempotents and ir-
reducible characters of N respectively, where T0 = ΛN , the idempotent
integral of N and φ0 = ε|N .
Let {tj} be the set of primitive idempotents in N so that Titj = δij.
Then, Wj ∼= Ntj . Since as N -modules we have NTj = (Ntj)
⊕〈φj ,1〉, it
follows that for all n ∈ N,
(12) 〈φj, nTi〉 = δij 〈φj, n〉 .
Note that.
(13) χi|N =
∑
j
m(φj , χi|N)φj =
∑
j
〈χi, tj〉φj ,
where m(φj, χi|N) is the number of appearances of φj in χi|N . Thus
〈χi, tj〉 are non-negative integers. Indeed, since N is a semisimple alge-
bra we have χi|N =
∑
jm(φj , χi|N)φj . Applying both sides to tj yields
m(φj, χi|N) = 〈χi, tj〉 . which implies (13).
As usual, for any N -module V with character φ, we denote by V H
the induced H-module H ⊗N V and by φ
↑H its induced character.
Denote by R(N) the k-span of characters of irreducible representa-
tions of N. Then (12) implies that Z(N) and R(N) are dual spaces
with dual bases { 1
〈φj ,1〉
Tj} and {φj}.
Extending linearly the induction of characters we define φ↑H =
∑
αjφ
↑H
j
for all φ =
∑
αjφj ∈ R(N), and R(N)
↑H = {φ↑H , φ ∈ R(N)}.
Variations of Frobenious reciprocity for algebras are used in the lit-
erature. We use Radford’s trace formula for Hopf algebras [13] to show
the following variation.
Proposition 2.6. Let N be a left coideal subalgebra of H. Then
φ↑Hj =
∑
i
〈χi, tj〉χi.
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In particular, m(χi, φ
↑H
j ), the number of appearances of χi in φ
↑H
j ,
equals the number of appearances of φj in χi|N , and moreover, this
number equals 〈χi, tj〉 . That is,
〈χi, tj〉 = m(χi, φ
↑H
j ) = m(φj , χi|N).
Proof. Since H is free as a right N -module we have
V ↑Hφj = H ⊗N Ntj
∼= Htj
as left H-modules. By the trace formula [13] we have for all h ∈ H,〈
φ↑Hj , h
〉
=
∑
〈λ, hΛ1tjSΛ2〉 =
∑
i
〈χi, tj〉 〈χi, h〉
The last equality follows since we have Λa˙dtj ∈ Z(H, λ =
∑
diχi and
χi ↼ z =
1
di
〈χi, z〉χi for all z ∈ Z(H) (see e.g.[6]).
The desired result follows now from (13). 
As a corollary we obtain,
Corollary 2.7. Let N be a left coideal subalgebra of H. Then the
following hold:
(i) (dimB) 〈φj, 1〉 =
∑
i di 〈χi, tj〉 .
(ii) λ|N = (dimB)
∑
j 〈φj, 1〉φj.
(iii) If ΛN is an idempotent integral of N and λB = ΛN ⇀ Λ, then
〈λB, 1〉 = dimB.
Proof. (i) The result follows by applying both sides of Proposition 2.6
to 1 and since dim(H ⊗N Ntj) = (dimB) 〈φj, 1〉 .
(ii) The result follows from (13) and (i) applied to λ =
∑
diχi.
(iii) By Lemma 1.1(i), 〈λB, 1〉 = 〈λ,ΛN〉 . By part (ii), this equals in
turn to (dimB)
∑
j 〈φj , 1〉 〈φj,ΛN〉 . The fact that ΛN = T0, a primitive
central idempotent of N with φ0 = ε|N , yields 〈λB, 1〉 = dimB. 
We define a Frobenius map FN : NN −→ NN
∗ as follows:
FN (n) =
1
〈λB, 1〉
n ⇀ λ|N .
We show,
Lemma 2.8. (i) The map FN is self adjoint and bijective. Its inverse
map F−1N : N
∗ −→ N is given by:
F−1N (p) =
1
〈λB, 1〉
S (γ(p)⇀ ΛN) =
1
〈λB, 1〉
ΛN ↼ s(γ(p))
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for all p ∈ N∗.
(ii) For a central primitive idempotent of N, Tk, we have:
FN(Tk) = 〈φk, 1〉φk.
Proof. (i) FN = F
∗
N since λ is cocommutative. Now, since SΛN = ΛN
and s(λB) = λB, we have for all n ∈ N,
F−1N FN (n) =
=
1
〈λB, 1〉
2S
(
γ(n ⇀ λ|N)⇀ ΛN
)
=
1
〈λB, 1〉
2S
(
(n ⇀ γ(λ|N))⇀ ΛN
)
(by Lemma 2.3(ii))
=
1
〈λB, 1〉
2S ((n ⇀ λλB)⇀ ΛN) (by Lemma 2.3(iv))
=
1
〈λB, 1〉
S ((n ⇀ λ)⇀ ΛN)
=
1
〈λB, 1〉
S ((n ⇀ λ)⇀ Λ↼ λB) (by lemma 1.1(iii))
=
1
〈λB, 1〉
S (Sn ↼ λB) (by [13])
= n.
Hence FN is injective and thus bijective.
(ii) For all n ∈ N,
〈FN(Tk), n〉 =
=
1
〈λB, 1〉
〈
Tk ⇀ λ|N , n
〉
=
=
1
〈λB, 1〉
〈λ, nTk〉
=
∑
j
〈φj , 1〉 〈φj , nTk〉 (By Lemma 2.6(iii))
= 〈φk, 1〉 〈φk, n〉 (by (12)).
Hence the result follows. 
The map FN gives rise to a symmetric form on N
∗ by:
(14) (p|p′)N =
〈
p′, F−1N (p)
〉
=
1
〈λB, 1〉
〈sγ(p) ⋆ p′,ΛN〉 ,
where (⋆) is the action defined in (9).
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Remark 2.9. If N is a Hopf subalgebra of H, then the symmetric form
defined in (14) boils down to the bilinear form on H∗ given in (1).
Indeed, when N is a Hopf subalgebra then N∗ is a Hopf algebra as
well, and we obtain,〈
p′, F−1N (p)
〉
=
1
〈λB, 1〉
〈p′, S(γ(p)⇀ ΛN〉 = 〈p
′, S(p ⇀ ΛN)〉 = 〈p
′s(p),ΛN〉.
The second equality follows from Corollary 2.2.
As for Hopf algebras we obtain orthogonality of characters of left
coideal subalgebras.
Theorem 2.10. Let H be a semisimle Hopf algebra over a field k of
characteristic 0 and N a left coideal subalgebra of H. Let ( | )N be defined
as in (14). Then ( | )N is a non-degenerate symmetric bilinear form on
N∗ and the irreducible characters of N are orthogonal with respect to
it.
Proof. The form is symmetric since FN (and thus F
−1
N ) is self adjoint.
It is non-degenerate since FN is bijective. Now, by Lemma 2.8(ii) and
(12), (φj|φl)N =
〈
φl,
1
〈φj ,1〉
Tj
〉
= δlj. 
As a consequence we formulate a Frobenius reciprocity for characters
of left coideal subalgebras in terms of ( | )N .
Corollary 2.11. For all χi ∈ Irr(H), φj ∈ Irr(N), we have:
(χiN |φj)N = (χi|φ
↑H
j )H = 〈χi, tj〉 .
Consequently,
m(φj|χi|N) = (χiN |φj)N = (χi|φ
↑H
j )H = m(χi|φ
↑H
j ).
Proof. By Lemma 2.6(i) and (iii) and orthogonality of irreducible char-
acters of H (and of N) with respect to ( , )H , (respectively ( | )N), each
of the first two expressions equals 〈χi, tj〉 .
The second formula follows from Proposition 2.6. 
We obtain also an explicit description of φ↑H .
Proposition 2.12. Let N be a left coideal subalgebra of H and let
φ ∈ R(N). Then
Λ ˙coadγ(φ) = φ
↑H .
Proof. let φj be an irreducible character of N. We show that for all
χi ∈ R(H),
(χi, φ
↑H
j )H = (χi,Λ ˙coadγ(φj))H .
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Indeed,
〈φj , 1〉 (χi,Λ ˙coadγ(φj))H =
= 〈Λ ˙coadγ(FN (Tj))s(χi),Λ〉 (by Lemma 2.8(ii))
= 〈Λ ˙coad(γ(FN (Tj))s(χi)),Λ〉 (by (2))
= 〈FN (Tj), λBs(χi)⇀ Λ〉 (since Λ is cocommutative)
= 〈Tj , FN(λBs(χi)⇀ Λ)〉 (since FN is self adjoint)
= 〈λB, 1〉
−1 〈Tj, (λBs(χi)⇀ Λ)⇀ λ〉 (by definition of FN and since Tj ∈ N)
= 〈λB, 1〉
−1 〈Tj, χiλB〉 (by [13])
= 〈Tj , χi〉 (since Tj ∈ N)
= 〈φj , 1〉 〈tj , χi〉 (by (12) and (13))
= 〈φj , 1〉 (χi, φ
↑H
j )H (by Lemma 2.11)
Since the bilinear form ( , )H is non-degenerate on R(H), the result
follows. 
In particular we obtain,
Corollary 2.13. (ε|N)
↑H = Λ ˙coadλB.
More can be said if N is also normal in H.
Corollary 2.14. Let N be a normal left coideal subalgebra of H and
Ψ ∈ R(H). Then (Ψ|N)
↑H = ΨλB. In particular (ε|N)
↑H = λB.
Proof. By Lemma 2.3(iv), we have γ(Ψ|N) = ΨλB. Hence by Propo-
sition 2.12 we have that (Ψ|N)
↑H = Λ ˙coad(ΨλB). Since B is a Hopf
subalgebra of H it follows that λB is cocommutative, hence so is ΨλB
and the result follows. 
(The corollary above could also be deduced from [3, Cor. 3.2, 3.11]).
Based on Theorem 2.4 we obtain a characterization of the image of
R(N)↑H inside R(H).
Theorem 2.15. Let H be a semisimple Hopf algebra over an alge-
braically closed field of characteristic 0. Let N be a normal left coideal
subalgebra of H and B = (H∗)N , then
R(N)↑H = R(H)λB = {x ∈ R(H)|s(x)⇀ H ⊂ N}.
Proof. We show first that R(N)↑H = {φ↑H | φ ∈ R(N)} ⊂ R(H)λB. By
Proposition 2.12 and Theorem 2.4, we have,
φ↑H = Λ ˙coadγ(φ) = Λ ˙coad(yλB) = (Λ ˙coady)λB ∈ R(H)λB,
where y ∈ H∗.
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The reverse inclusion is Corollary 2.14. The fact that R(H)λB ⊂
{x ∈ R(H)|s(x) ⇀ H ⊂ N} is just a particular case of (10), where
x = ΨλB ∈ R(H).
We show now the reverse inclusion. Assume x ∈ R(H) satisfies
s(x) ⇀ H ⊂ N. By (11) we have
x =
1
〈λB, 1〉
xλB ∈ R(H)λB.

3. Solvablity for Hopf algebras
In this section we suggest an intrinsic definition for solvable Hopf
algebra. We then justify it based on its properties.
Observe first that if L and N are left coideal subalgebras of H, BL =
(H∗)L, BN = (H
∗)N are the corresponding left coideal subalgebras of
H∗, then the algebra BLBN generated by BL ∪ BN is a left coideal
subalgebra of H∗ and
(15) (H∗)L∩N = BLBN .
Indeed, since L ∩ N ⊂ L (respectively N), it follows that BL ⊂
(H∗)L∩N . Also BN ⊂ (H
∗)L∩N . Since (H∗)L∩N is an algebra it must
contain the algebra generated by BL ∪ BN , that is BLBN ⊂ (H
∗)L∩N .
Conversely, BL ⊂ BLBN implies that H
BLBN ⊂ HBL = L. The same
for N, and so HBLBN ⊂ L ∩ N implying that (H∗)L∩N ⊂ BLBN . We
show now,
Lemma 3.1. Let N and L be left coideal subalgebra of H and let
λBN , λBL denote the respective non-zero integrals of the left coideal sub-
algebras BN and BL.
(i) If λBNλBL = λBLλBN then λBLλBN is an integral for BLBN .
(ii) The condition in (i) is satisfied if either N is a normal Hopf sub-
algebra of H, or R(H) is commutative and N and L are normal left
coideal subalgebras of H.
Proof. (i) If λBNλBL = λBLλBN then λBLλBN b = 〈b, 1〉λBLλBN for all
b ∈ BN ∪BL, and thus for all b
′ in the algebra generated by BN ∪BL.
Since 〈λBNλBL , 1〉 6= 0, uniqueness of the integral implies the result.
(ii) If L is a normal Hopf subalgebra of H then BL is a normal Hopf
subalgebra of H∗ and by Lemma 1.3 λBL ∈ Z(H
∗). If N and L are
normal left coideal subalgebras then λBN , λBL ∈ R(H), and commu-
tativity of R(H) implies that λBNλBL = λBLλBN . In both cases (i) is
satified. 
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For groups, let K be a normal subgroup of G and π : G→ G/K. If L
is a subgroup of G so that L∩K = 1 then π|L is injective. Surprisingly,
this idea is not necessarily true for Hopf algebras if we replace K by a
normal left coideal subalgebraN. However, it does hold in the following:
Proposition 3.2. Let N be a normal left coideal subalgebra of H, π :
H → H//N and L any left coideal subalgebra of H. Assume λBNλBL =
λBLλBN . If L ∩N = k then π|L is injective
Proof. If L∩N = k then by (15) BLBM = (H
∗)k = H∗. By assumption
and Lemma 3.1 λBLλBN = λ.
Now, let a ∈ L and assume ΛNa = 0. We have by Lemma 1.1(i),
λBN ⇀ Λ = ΛN . Hence,
0 = λBL ⇀ (ΛNa) = (λBL ⇀ ΛN)a = (λBLλBN ⇀ Λ)a = (λ ⇀ Λ)a = a.
The second equality follows from the fact that BL is a left coideal
subalgebra acting trivially on L. By Lemma 1.3(ii), ΛN is central in
H, hence we obtain aΛN = 0 implies a = 0 for all a ∈ L. The desired
result follows now from Lemma 1.4. 
In particular, by Lemma 3.1(ii),
Corollary 3.3. Let N be a normal left coideal subalgebra of H and
π : H → H//N. Assume L ∩ N = k. If either N is a normal Hopf
subalgebra ofH, or R(H) is commutative and both N and L are normal
left coideal subalgebras, then π|L is injective.
The assumptions in Lemma 3.1 and in Corollary 3.3 are necessary.
We shall see that in the following counter example due to Skryabin,
whom we wish to thank for this contribution.
Example 3.4. Let H = (kS3)
∗, BN = k(1, 2), BL = k(13) ⊂ H
∗.
Note first that BNBL = H
∗. Clearly R(H) = kS3 is not commutative.
Let N = HBN , L = HBL, then dimN = dimL = 3.
Since BN is not normal in H
∗, we know that N is not a Hopf subal-
gebra of H. Since BNBL = H
∗, it follows from (15) that N ∩L = k. On
the other hand, since BN ∼= (H/HN
+)∗, it follows that dimHN+ = 4.
Thus (dimL + dimHN+) > 6, implying that L ∩ HN+ 6= {0}. This
shows that the restriction of π : H → H/HN+ to L is not injective.
Thus the conditions in Corollary 3.3 are necessary.
Indeed, this example violates the condition of Lemma 3.1 and thus
of Proposition 3.2, as
λBNλBL = 1+ (12) + (13) + (132) 6= λBLλBN = 1+ (12) + (13) + (123)
None of the products is an integral for BLBM = H
∗ = kS3.
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We are ready to define solvability for Hopf algebras.
Definition 3.5. Let H be a semisimple Hopf algebra. A chain of left
coideal subalgebras of H
N0 ⊂ N1 ⊂ · · · ⊂ Nt
is a solvable series if for all 0 ≤ i ≤ t− 1,
(i) ΛNi ∈ Z(Ni+1), where ΛNi is the integral of Ni.
(ii) For all a, b ∈ Ni+1,
(aa˙db)ΛNi = 〈ε, a〉bΛNi.
The Hopf algebra H is solvable if it has a solvable series so that
N0 = k and Nt = H.
Example 3.6. For finite groups, the definition of solvable Hopf alge-
bras boils down to the usual definition of solvability for groups.
To see this, let G′ ⊂ G and ΛG′ =
1
|G′|
∑
x∈G′ x. If ΛG′ is central in
G, then for g ∈ G we have,
1
|G′|
∑
x∈G′
xg = ΛG′g = gΛG′ =
1
|G′|
∑
x∈G′
gx.
It follows that for x ∈ G′, xg = gy for some y ∈ G′. Thus G′ is normal
in G.
We claim now that G/G′ is abelian if and only if (aa˙db)ΛG′ = bΛG′,
for all a, b ∈ G. Indeed, assume ab = ba for all a, b ∈ G/G′. Then
aba−1 = by for some y ∈ G′. This implies that
aba−1
∑
x∈G′
x = by
∑
x∈G′
x = b
∑
x∈G′
x.
Conversely, if aba−1
∑
x∈G′ x = b
∑
x∈G′ x then aba
−1 = by for some
y ∈ G′. This shows our claim.
By definition we obtain that homomorphic images of solvable Hopf
algebras are solvable. Moreover,
Proposition 3.7. Let N be a normal left coideal subalgebra of H. If
the Hopf algebra H//N is solvable, then H has a solvable series with
N0 = N, Nt = H.
Proof. Set H = H//N = π(H) and let k ⊂ N1 ⊂ · · · ⊂ Nt = H be
a solvable series for H. By using Lemma 1.2, let Ni be the left unique
coideal subalgebra of H containing N so that π(Ni) = N i. We want to
show that N ⊂ N1 ⊂ . . . Nt = H is a solvable series in H.
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Let ΛNi denote the integral of Ni, then π(ΛNi) is an integral for N i,
which by assumption is central in N i+1. Hence,
π(aΛNi) = π(a)π(ΛNi) = π(ΛNi)π(a) = π(ΛNia)
for all a ∈ Ni+1. Since N ⊂ Ni, we have ΛNiΛN = ΛNi , and since N is
normal we have ΛN ∈ Z(H). Therefore,
π(aΛNiΛN) = π(ΛNiaΛN).
By Lemma 1.4 π is injective on HΛN , hence we have
aΛNi = ΛNia
for all a ∈ Ni+1. This proves (i) in the definition of solvability.
Similarly, by assumption we have for a, b ∈ Ni+1,
π ((aa˙db)ΛNi) = (π(a)a˙dπ(b)) π(ΛNi) = 〈ε, a〉π(bΛNi).
As before, this implies that
π ((aa˙db)ΛNiΛN) = π((aa˙db)ΛNi)π(ΛN) = 〈ε, a〉π(bΛNiΛN),
and by Lemma 1.4, (aa˙db)ΛNi = 〈ε, a〉bΛNi. Thus (ii) is satisfied. 
Commutative Hopf algebras are solvable by definition with k ⊂ H as
a solvable series. We wish to show that, as for groups, nilpotent Hopf
algebras are solvable as well.
Recall, [8, Definition 1.2 (7) and (8), Lemma 1.3], an ascending cen-
tral series for H is a series of normal left coideal subalgebras
(16) k ⊂ Z1 ⊂ · · · ⊂ Zt ⊂ · · ·
so that Z1 = Z˜(H) is the Hopf center of H, H0 = k, H1 = H//Z˜(H),
and Zi = H
copii, where
πi : H → Hi−1//Z˜(Hi−1) = Hi
for all i ≥ 0. Note that we have also Hi = H//Zi.
H is nilpotent if Ht = H for some t.
Based on our approach here, we suggest below another characteriza-
tion for nilpotent Hopf algebras.
Proposition 3.8. A semisimple Hopf algebra H is nilpotent if and
only if it has a series of normal left coideal subalgebras
k = N0 ⊂ N1 ⊂ · · · ⊂ Nt = H
so that
Ni+1ΛNi ⊂ Z(HΛNi),
for all 1 ≤ i ≤ t, where Z(HΛNi) is the center of HΛNi.
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Proof. Assume H is nilpotent with k ⊂ Z1 ⊂ · · · ⊂ Zt = H as in
(16). Let ΛZi denote the integral of Zi. By Lemma 1.4, πi is an algebra
isomorphism between HΛZi and Hi. Since by definition, πi(Zi+1) ⊂
Z˜(Hi) ⊂ Z(Hi), it follows that Zi+1ΛZi is central in HΛZi.
Conversely, assume k = N0 ⊂ N1 ⊂ · · · ⊂ Nt = H satisfies the
condition in Definition 3.8. Let k ⊆ Z1 ⊆ · · · be an ascending central
series for H.
By assumption we have N1 ⊂ Z(H). Since N1 is a normal left coideal
subagebra of H, it follows from e.g [8, Prop.1.1], that N1 ⊂ Z˜(H) = Z1.
Assume by induction that Ni ⊆ Zi.We show that Ni+1 ⊆ Zi+1. Indeed,
by definition of Zi, we have πi(Ni) ⊆ πi(Zi) = k. Since by assumption
Ni+1ΛNi ⊂ Z(HΛNi) and since πi(ΛNi) = 1, it follows that
πi(Ni+1) = πi(Ni+1ΛNi) ⊂ πi(Z(HΛNi)) = Z(πi(H)) = Z(Hi).
But πi(Ni+1) is a normal left coideal subalgebra of Hi contained in its
center, hence πi(Ni+1) ⊂ Z˜(Hi). This implies in turn that πi+1(Ni+1) =
k and thus Ni+1 ⊆ Zi+1. Since Nt = H we obtain Zt = H and thus H
is nilpotent. 
As a direct corollary we obtain,
Corollary 3.9. Semisimple nilpotent Hopf algebras are solvable.
Proof. Assume H has a series as in Definition 3.8. Since each Ni is
normal inH, it follows that ΛNi ∈ Z(H), hence satisfies (i) in Definition
3.5 of solvability. Now, since ΛNi is a central idemoptent of H, we have
by assumption
∑
a1b(Sa2)ΛNi = 〈ε, a〉 bΛNi for all a ∈ H, b ∈ Ni+1. In
particular (ii) of solvability follows. 
Another generalization from groups to Hopf algebras is the following.
Proposition 3.10. Let K be a normal Hopf subalgebra of H. Then H
is solvable if and only if K and H//K are solvable.
Proof. IfK andH//K are solvable thenH is solvable where its solvable
series is the union of the solvable series for K and the solvable series
in H starting with K as described in Proposition 3.7.
Assume now H is solvable. Clearly H//K is solvable. We want to
show that K is solvable. Let
k = N0 ⊂ N1 ⊂ · · · ⊂ Nt = H
be a solvable series for H. We wish to show that the series
k = N0 ⊂ (N1 ∩K) · · · ⊂ (Nt ∩K) = K
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is a solvable series for K (maybe with repetitions). By Lemma 3.1
λBλBi is an integral for BBi where B = (H
∗)K and Bi = (H
∗)Ni . By
(15) and Lemma 1.1 we have that
ΛK∩Ni = λBλi ⇀ Λ = λB ⇀ ΛNi.
Now, if a ∈ Ni+1 ∩K, then we have
aΛK∩Ni = a(λB ⇀ ΛNi) = λB ⇀ (aΛNi) = λB ⇀ (ΛNia) = (λB ⇀ ΛNi)a = ΛK∩Nia.
The second and the fourth equality both follow since B is a Hopf subal-
gebra acting trivially on a ∈ K. This proves property (i) of solvability.
As for (ii), let a, b ∈ K ∩Ni+1, then
(aa˙db)(ΛK∩Ni) =
= (aa˙db)(λB ⇀ ΛNi) = λB ⇀ ((aa˙db)ΛNi) = λB ⇀ (〈ε, a〉bΛNi) = 〈ε, a〉bΛK∩Ni.
As before, the third and the last equality follow since B acts trivially
on aa˙db ∈ K and on b ∈ K. 
We are ready to prove the Hopf algebra analogue of Burnside’s paqb
theorem.
Theorem 3.11. Let H be a quasitriangular semisimple Hopf algebra
of dimension paqb over a field k of characteristic 0. Then H is solvable.
Moreover, if N is a left coideal subalgebra of H then H has a solvable
series containing N.
Proof. The proof is by induction on dimH. Clearly if H is quasitrian-
gular then so are all its homomorphic Hopf images. It is known that the
character algebras of quasitriangular Hopf algebras are commutative.
If dimH = p then H = kZZp, a commutative Hopf algebra hence
solvable.
Let H be of dimension paqb, a+ b > 1. If H is commutative, we are
done. Otherwise, by [7, Th.4.9], H has a proper non-trivial normal left
coideal subalgebra. Let k 6= N ⊂ H be a minimal normal left coideal
subalgebra of H.
Consider N as a D(H)-module, where D(H) is the Drinfeld double
of H. Let M = LKer
D(H)N ⊂ D(H). Note that since k 6= (H
∗)N ⊂ H∗,
it follows that k 6= (H∗)N ⊲⊳ k ⊂ M. Thus M is a non-trivial normal
left coideal subalgebra of D(H). It follows from [7, Th.4.10] that M
contains a central grouplike element τ ⊲⊳ σ 6= ε ⊲⊳ 1. That is,
(17) (σa˙dn) ↼ τ
−1 = n
for all n ∈ N.
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• If τ does not act trivially on N then By (6), N 6⊂ H ′, the
commutator subalgebra of H. Minimality of N implies that
k = N ∩H ′. But H//H ′ is a commutative Hopf algebra, hence
π(ha˙dn) = π(h)a˙dπ(n) = 〈ε, h〉π(n) for all h ∈ H. By Proposi-
tion 3.3, π|N is injective, hence H acts-a˙d trivially on N, imply-
ing that N ⊂ Z(H). In particular N acts-a˙d trivially on itself.
By induction H//N is solvable. Proposition 3.7 and the fact
that N acts-a˙d trivially on itself imply that H is solvable with
k ⊂ N ⊂ · · · ⊂ H.
• If τ acts trivially on N then by (17), σa˙dn = n for all n ∈ N.
We then have:
(1) If σ 6= 1 then k 6= LKer(N,
a˙d
) ⊂ H. Minimality of N implies
that either N ⊂ LKer(N,
a˙d
) or N ∩ LKer(N,
a˙d
) = k.
If N ⊂ LKer(N,
a˙d
) then it acts-a˙d trivially on itself. By
induction H//N is solvable and again Proposition 3.7 and
the fact that N acts-a˙d trivially on itself imply that H is
solvable with k ⊂ N ⊂ · · · ⊂ H.
AssumeN∩LKer(N,
a˙d
) = k. By induction π(H) = H//LKer(N,
a˙d
)
is solvable where π(N) appears in the series. Thus we have
k ⊂ π(N1) ⊂ · · · ⊂ π(N) ⊂ · · · ⊂ π(H)
is a solvable series in H//LKer(N,
a˙d
). By Proposition 3.3
π|N is injective, hence we have that
k ⊂ N1 ⊂ · · · ⊂ Nl = N
is a solvable series in H. Since H//N is solvable by in-
duction, we have by above and Proposition 3.7 that H is
solvable with
k ⊂ N1 ⊂ · · · ⊂ N ⊂ · · · ⊂ H.
(2) If σ = 1 then τ ⊲⊳ 1 is a central grouplike element in D(H),
in particular ε 6= τ ∈ Z(H∗). Since (H,R) is quasitrian-
gular there is a Hopf algebra projection πR : D(H) → H
given by
πR(p ⊲⊳ h) = fR(p)h
where R =
∑
R1 ⊗ R2 and fR(p) =
∑
〈p, R1〉R2.
If fR(τ) 6= 1 then fR(τ) is a central grouplike element of
H, hence the Hopf center of H, Z˜(H) 6= k. By induction
H//Z˜(H) is solvable, hence by Proposition 3.10, H is solv-
able with the series
k ⊂ Z˜(H) ⊂ · · · ⊂ H.
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By the same argument, if fRt(τ) =
∑
〈τ, R2〉R1 6= 1 then
H is solvable.
Assume now fR(τ) = fRt(τ) = 1. Clearly N ⊂ K = H
k〈τ〉
since by assumption τ acts trivially on N.Moreover, K is a
normal Hopf subalgebra of H since k 〈τ〉 is a normal Hopf
subalgebra of H∗. Once we show that K is quasitriangular,
we are done by induction and Proposition 3.10.
Let K∗ = H∗//k〈τ〉 = H∗. We have a co-quasitriangular
structure on K∗ given by:
〈p | q〉 =
∑
〈p, R2〉〈q, R1〉 = 〈fR(p), q〉 = 〈fRt(q), p〉.
Clearly 〈 | 〉 satisfies properties of co-quasitriangularity. We
need to show that it is well defined. Indeed, if p = 0
or respectively q = 0, then p ∈ H(k〈τ〉+) or respectively
q ∈ H(k〈τ〉)+). Since fR and fRt are multiplicative (and
respectively anti multiplicative) it follows that fR(p) = 0
or respectively fRt(q) = 0. This proves that 〈 | 〉 is well
defined, and thus K is quasitriangular. This concludes the
proof of the theorem.

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